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Abstract: 
The purpose of this paper is to study  Riemann-Liouville derivative and  Caputo derivative by 
homotopy analysis method to solve an Extraordinary differential equation. The results are 
obtianed by the proposed  method  show  efficient (HAM) using Riemann-Liouville 
derivative and Caputo derivative . 
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Introduction:   
Extraordinary differential equation is one of types from a differential equation contianing a 
fractional derivative of order half along with an ordinary first –order derivative consider the 










− 2𝑦(𝑥) = 0,                                                                                                 (1)                     
with an initial condition  𝑦0 = 𝑐, where 𝑐 constant and the solution of   Extraordinary 




(2𝑒4𝑥𝑒𝑟𝑓𝑐(2√𝑥) + 𝑒𝑥erf (−√𝑥))                                                                        (2)                                                     
In this paper we apply the homotopy analysis method for Extraordinary differential 
equation.To show  the  basic  idea,   let  us consider  the  following  equation: 
𝑁(𝑦(𝑥)] = 0,                                                                                                                       (3)                                                                 
where 𝑁 is a nonlinear operator, 𝑥 denotes the independent variable, 𝑦(𝑥) is an unknown 
function, respectively. Generalizing the traditional homotopy method, Liao[5],constructs the 
so- called Zero –order deformation equation: 
(1 − 𝑝)𝐿[∅(𝑥; 𝑝) − 𝑦0(𝑥)] = 𝑝ℎ𝐻(𝑥)𝑁[𝑦(𝑥)]                                                                 (4) 
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where 𝑝 ∈ [0,1] is the embedding parameter,  ℎ ≠ 0   is a nonzero auxiliary parameter, 
𝐻(𝑥) ≠ 0 ia an auxiliary function , 𝐿 is an auxiliary linear operator,  𝑦0(𝑥) is an initial guess 
of 𝑦(𝑥), ∅(𝑥; 𝑝)  is an unknown function.  When 𝑝 = 0 and 𝑝 = 1,  then 
∅(𝑥; 0) = 𝑦0(𝑡),     ∅(𝑥; 1) = 𝑦(𝑥),                                                                            (5)                                                                
respectively.Thus, as 𝑝 increases from 0 to 1, the solution ∅(𝑥; 𝑝) varies from the initial guess 
𝑦0(𝑥) to the solution 𝑦(𝑥). Expanding ∅(𝑥; 𝑝) in Taylor series with respect to 𝑝, one has  
∅(𝑥; 𝑝) = 𝑦0(𝑥) + ∑ 𝑦𝑘
∞
𝑘=1 (𝑥)  𝑝
𝑘,                                                                           (6) 









,                                                                                                (7)               
                                                                            
if the auxiliary linear operater,  the initial guess,  the auxiliary parameter ℎ, and the auxiliary 
function ara properly chosen, the series(6) converages at 𝑝 = 1, thus                                         
          
𝑦(𝑡) = 𝑦0(𝑡) + ∑ 𝑦𝑘
∞
𝑘=1 (𝑡).                                                                                      (8)                                                                 
 Which must be one of the solution of the origional nonlinear equation,  as proved by Liao[5]. 
  According to the equation (7), the govering equation can be deduced from the zero-order 
deformation equation (4). Define the vector    
                                                                                        
?⃗?𝑚 = {𝑦0(𝑥), 𝑦1(𝑥) , … , 𝑦𝑚(𝑥)}                                                                                 (9)  
Differentiating equation (4)  𝑘  times with respect to the embedding parameter 𝑝 and then 
setting 𝑝 = 0 and finally dividing them by 𝑘!, we have the so-called 𝑘𝑡ℎ-order deformation  
equation:                                                                                                           









,                                                            (11)                           
                                         
and 
𝜒𝑘 = {
0 𝑖𝑓 𝑘 ≤ 1
1  𝑖𝑓 𝑘 > 1 
                                                                                                    (12)                                                                                               
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It shuould be emphasized that 𝑦𝑘(𝑥) for 𝑘 ≥ 1 is governed by the linear equation (7)with the 
linear boundary condition that comes from the original problem 
In this paper, we will give definitions of fractional derivative introduced by Riemann-
Liouville derivative and Caputo derivative. 
                                                                                                            
Definition.1.( Riemann-Liouville derivative ) let 𝛽 > 0 denoted a real  number and 𝑛 the 
smallest integer exceeding  𝛽 such that 𝑛 − 𝛽 > 0 (𝑛 = 0 𝑖𝑓 𝛽 < 0) assuming 𝑓(𝑥) to be 
afunction of class 𝐶(𝑛) (the class of functions with continuous 𝑛𝑡ℎderivatives ) the fractional  













,                                                                                  (13)                                                                           
                  













                                                                
 
n−1 < 𝛽 ≤ 𝑛, 𝑛 ∈ ℕ, 𝑥 > 0                                                                                     (14) 
 
𝛽 is the order of the derivative. For the Caputo’s derivative we have: 
 
1 − 𝐷𝛽𝐶 = 0,  𝐶 is constant,                  
 
2 − 𝐷𝛽𝑥𝛼 = 0,   𝛼 ≤ 𝛽 − 1,   
  
3 − 𝐷𝛽𝑥𝛼 =
Γ(1+𝛼)
Γ(1−𝛽+𝛼)
𝑥𝛼−𝛽 , 𝛼 > 𝛽 − 1,  
   
                 
                  
Solution of an Extraordinary differential equation by homotopy analysis 
method. 










− 2𝑦(𝑥) = 0,                                          
with an initial condition  𝑦0 = 𝑐, 










− 2𝑦(𝑥),  and we 




Mathematical Theory and Modeling                                                                                                                                                  www.iiste.org 
ISSN 2224-5804 (Paper)    ISSN 2225-0522 (Online) 
Vol.6, No.5, 2016 
 
145 
for solving this equation  by HAM, we chose 𝐻(𝑥) = 1  and we construct the zeroth- 
 













− 2𝑦(𝑥)],                                        (15)  
for 𝑝 = 0 and 𝑝 = 1,  we can write  
𝑦0(𝑥; 0) = 𝑐,     𝑦(𝑥; 1) = 𝑦(𝑥), 
the solution of the kth-order deformation Equation for 𝑘 ≥ 1 becomes 









− 2𝑦𝑘−1(𝑥)],      (16) 
where  








− 2𝑦0(𝑥))𝑑𝑥,                                                             (17)   
and 








− 2𝑦𝑘−1(𝑥))𝑑𝑥.                               (18)                          
Now  there are two case  to solve an Extraordinary differential equation. First,  we will use 
Riemann-Liouville derivative of the fractional derivative in equation the solution shall be as 
follows:                                        
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The solution when ℎ = −1,  we get  
𝑦0(𝑥) = 𝑐,  





 ,  
𝑦2(𝑥) = 2𝑐𝑥









































































































The approximate solution for Equation (1), will be as followed 


















































+ ⋯ ),  
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Table.1. Approximate solutions (Riemann-Liouville derivative )with 𝒄 = 𝟑. 










































Second, we will use Caputo derivative of the fractional derivative in equation the solution 
shall be as follows:  
                                        
𝑦0(𝑥) = 𝑐 
𝑦1(𝑥) = −2ℎ𝑐𝑥,  








+ 2𝑐ℎ2𝑥2,  
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2ℎ5𝑐𝑥2 − 2ℎ5𝑐𝑥,  




































































+ 10ℎ5𝑐𝑥2 − 10ℎ5𝑐𝑥 +
4ℎ6𝑐𝑥6    
45
−
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. 
The solution when ℎ = −1,  we obtain: 
 
𝑦0(𝑥) = 𝑐,  




















 ,   
  𝑦4(𝑥) =
2𝑐
3






































































The approximate solution for Equation (1), will be as followed 















































+ ⋯ ),  
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Table.2. Approximate solutions (Caputo derivative) with 𝒄 = 𝟑. 











































In this work, we  apply  homotopy analysis method for solving Extraordinary differential 
equation. The presented work Riemann-Liouville derivative and  Caputo derivative we get  
the solution using    Riemann-Liouville derivative approach to the exact solution  i-e 
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Riemann-Liouville derivative is more approiate. Computations in this paper are performed 
using maple 13. 
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